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Abstract 
The modelling of particle growth in fluidized bed coating processes is often done with population balance equations, which 
require a mathematical formulation of the process kinetics. In many cases the resulting equations need to be solved numerically. 
Therefore a discretization is needed, which may have influence on the solution. In this study, a stochastic way of modelling 
particle growth for coating processes, namely the Monte-Carlo method, is presented. This method does not require a formulation 
of the process kinetics and also no discretization of the property domain is needed. The fluidized bed coating process is described 
by a sequence of three micro-processes: droplet deposition, droplet drying and solidification. The results of the Monte-Carlo 
method and a population balance model are compared with each other to check theoretical validity of the derived model. 
Additionally, the results of the Monte-Carlo method are compared with experimental data gained from coating experiments in a 
lab-scale fluidized bed.  
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Selection and peer-review under responsibility of Chinese Society of Particuology, Institute of Process Engineering, Chinese 
Academy of Sciences (CAS). 
Keywords: particle coating; fluidized beds; Monte Carlo; modelling 
1. Introduction 
Particle coating in fluidized beds is a process transforming liquid materials into solids, which is widely used in 
industry, e.g. pharmaceutical, food or agricultural industry. Applications of this process may be the coating of 
pharmaceuticals for taste masking purposes, the control of the duration and the point of release of active substances 
[1]. In the food industry the application of coating can be the separation of ingredients from their environment (water, 
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acid, oxygen), if it is detrimental to the uncoated material [2]. The initial particles are fluidized in a stream of hot air 
and the liquid, which can be a solution or a suspension, is added in form of droplets by a nozzle. As the droplets 
enter the process chamber they will be deposited on the particles and start to dry forming a layer consisting of the 
solid material in the liquid.  
In the conventional way population balance equations are used to model growth in particulate processes, such as 
layering granulation [3], or crystallization [4]. In population balances the disperse phase, in this case the particles, 
are treated as a continuum. The properties of the particles are represented by external and internal coordinates. 
External coordinates describe the spatial location of the particles while properties as size, volume or residence time 
would be internal coordinates. The population balances describe the dynamic change of a property density function, 
e.g. the particle size distribution. Therefore they need a mathematical formulation of the process kinetics. In general 
the equations can be solved analytically or numerically, but in many cases a numerical solution is needed due to the 
complexity of the model [5]. In order to do that, the property domain has to be discretized, e.g. via finite volume 
method, which may have an influence on the solution. If there are several property distributions to be considered 
(multivariate population balance equations) the complexity of the solution method increases.  
Another approach to model particulate growth processes is by a Monte-Carlo method [6-10], which is a stochastic 
method. In this approach the evolution of a finite sample of the particle population is simulated by a sequence of 
micro-processes such as droplet deposition, droplet drying and solidification. Several properties e.g. size, moisture or 
porosity can be assigned to each individual particle of the population. Due to the discrete nature of this approach no 
discretization influencing the solution is required. Additionally no macroscopic process kinetics need to be provided 
since they are the outcome of the sequential micro-processes. The predictability of the simulation is mainly 
controlled by the quality of the physical models included in the micro-processes. The main disadvantage of 
stochastic methods is that they are computationally expensive and therefore cannot be used for process control 
purposes. Instead the Monte Carlo approach can be used to extract macroscopic kinetics, which are based on 
physical models for the micro-processes. The kinetics can then be implemented in macro-models, such as population 
balance models, for further process design, control and optimization purposes. 
In this contribution a Monte Carlo algorithm for particle coating in a fluidized bed is developed. The results are 
compared with a population balance model used as a reference. Additionally, the presented model is validated with 
experimental data obtained in a lab-scale fluidized bed. 
2. Modelling 
2.1. Monte Carlo algorithm 
The Monte Carlo method is a stochastic approach which is based on the use of random numbers and probability 
statistics to investigate problems. In case of particle coating in a fluidized bed, droplets are deposited randomly on a 
particle. The deposited droplets dry and form a solid layer on the particle’s surface. As mentioned before, this 
approach is computationally expensive, so only a small number of particles can be treated in the simulation. The real 
particle population (approx. 106-108 particles) is scaled down to a significantly smaller number while keeping the 
same property distributions. This is done by a scaling factor S: 
,
,
p MC
p real
N
S
N
 .   (1) 
In this work, the number of particles in the simulations is set to 1000. Zhao et al. [10] show, that even with this 
small number of particles a good accuracy can be achieved. Since the presented algorithm is an event-driven Monte 
Carlo method, which means in every time step exactly one event is happening [10], the frequencies of the 
considered events need to be specified. In case of particle coating the event driving the simulation time forward is 
droplet addition. The frequency of this event can be easily calculated from the number flow rate of droplets entering 
the fluidized bed and the scaling factor mentioned above: 
998   Christian Rieck et al. /  Procedia Engineering  102 ( 2015 )  996 – 1005 
 
Fig. 1. Scheme of a droplet before and after deposition on a particle. 
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The number flow rate of the droplets can be calculated with the following equation assuming monodisperse and 
spherical droplets with diameter ddrop: 
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The time step is then calculated as reported by [9]: 
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In this equation r is a uniformly distributed random number from the interval ]0, 1]. The considered micro-
processes in this model are: 
x droplet deposition,  
x drying of deposited droplets, 
x solidification of deposited droplets. 
Every droplet created in the simulation is deposited randomly on the surface of a particle. Therefore the surface 
of every particle is divided into several positions according to the wetted surface area of one deposited droplet, see 
Fig. 1. The contact area is calculated from its diameter dcontact. Note that due to the increase of the particle surface the 
number of positions per particle will also increase as the simulation proceeds. Therefore the number of positions per 
particle is calculated in every time step from the particle surface. 
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If the number of positions increases, a new position without any droplet will be added to this particle. The 
information of the other positions is left unchanged. The diameter of the contact area defines the equilibrium shape 
of the droplet and is calculated with a model presented in [8]. In this work it is assumed that the equilibrium shape 
of the droplet is reached instantly after the deposition:  
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Fig. 2. Random selection of one particle for droplet deposition by one of its properties, in this example the surface of the particle. 
In this equation θ is the contact angle of the deposited droplet. With equation (5) the number of positions for 
possible droplet deposition for each particle is calculated. In the simulation the particle and the position on the 
particle surface for the droplet deposition is chosen randomly. A droplet can only be deposited on a position, which 
contains a dry droplet allowing layering growth or no droplet at all. 
The random selection of a particle can be done in different ways. The particle can be selected by its number in 
the simulation. Therefore a random number between 1 and the total particle number in the simulation (e.g. 1000) is 
created. This number directly represents the particle. The particle can also be selected by its properties such as size, 
surface or volume. This is done using the cumulative sum of the selected property. In Fig. 2 the cumulative sum of a  
property is depicted qualitatively using the particle surface as an example. In this case a random number between 
Ap,1 and Ap,total, which is the total surface of the particles in the simulation, is generated. With the generated value 
and the cumulative sum the corresponding particle can be found. This method can also be applied for other particle 
properties.  
When the particle is selected, the position for the droplet deposition is also determined randomly. Therefore the 
positions for each particle are numbered from 1 to Npos. The selection of the position for the deposition of the droplet 
is done by creating a uniformly distributed random number between 1 and Npos. This number directly represents the 
position on the selected particle. 
After the droplet is deposited on a particle the droplet starts to dry. In this work a simple drying model is applied, 
which calculates the drying time of a deposited droplet from the drying conditions in the fluidized bed. If the 
timespan between the deposition time of the droplet and the actual process time is greater than the drying time of the 
droplet it is considered to be dry.  
The drying time of a deposited droplet depends on the evaporation rate and on the (liquid) mass of the droplet: 
,drop l
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  .   (7) 
The evaporation rate in the first drying period is calculated as follows: 
( )evap g satdropM A Y YE U  .   (8) 
In this equation β is the mass transfer coefficient, Adrop is the curved surface area of the deposited droplet, ρg is 
the density of the fluidization gas, Ysat is the adiabatic saturation moisture content of the gas and Y is the moisture 
content of the bulk gas. The moisture content of the bulk gas is calculated by equation (9) assuming that the amount 
of evaporated water is equal to the amount of sprayed water: 
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After the droplet is dry, the remaining solid volume is added to the particle volume. This is done by counting all 
dried droplets per particle and adding their volume to the initial particle volume. The equivalent diameter is then 
calculated as follows: 
 , , , 1/36ª º« »¬ ¼ S p initial drop dry drop dryp V N Vd .   (10) 
The volume of the remaining solid is calculated from the solid mass contained in the initial droplet, the density of 
the solid material (without any pores) and the porosity of the dry droplet, which is a parameter of the model. 
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In this way the growth of each particle in the simulation can be monitored. The particle size distribution can then 
be obtained by histograms. 
2.2. Population balance model 
In order to check the presented Monte Carlo algorithm for particle coating on the macro-scale, a simple 
population balance model was used: 
( )Gnn
t d
ww  w w .   (12) 
The growth rate is calculated after the model proposed in [11, 12]. In this equation the growth rate depends on the 
amount of solid material sprayed onto the particles and on the density of the solid layer, which builds up. 
Additionally the porosity of the coating shell is introduced in this model. It is based on an arbitrary moment μi of the 
particle size distribution and depends also on the particle size. 
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The total growth rate G can then be defined as: 
1   with   k k k
k k
GG O O  ¦ ¦ .   (14) 
The values for λk can be between 0 and 1 under the condition that the sum of all values equals 1. A selection of 
λ2=1 would yield an often used special case of size-independent growth. 
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3. Results 
3.1. Comparison with the population balance model 
In order to test the derived Monte Carlo method the results are compared with results from the population balance 
model. The parameters of the simulations can be found in Table 1. As an initial particle size distribution a Gaussian 
function was used with the parameters (mean and standard deviation) from Table 1. 
In Fig. 3 the results of both methods are depicted. In the left diagram the initial normalized particle size 
distribution as well as the normalized particle size distribution at the end of the simulation are plotted. In these 
simulations the particle growth was set to be size independent, which leads to a constant standard deviation of the 
particle size distribution. If this value is constant over time the shape of the distribution is preserved, as shown in Fig. 
3. In the right diagram, the temporal evolution of the moments of the distribution is shown. It can be seen, that the 
Monte Carlo method yields the same result as the population balance model. 
Additionally different droplet deposition mechanisms were tested with both methods and compared: 
x scenario 1: droplet deposition proportional to the particle number, 
x scenario 2: droplet deposition proportional to the particle size, 
x scenario 3: droplet deposition proportional to the particle surface, 
x scenario 4: droplet deposition proportional to the particle volume, 
 
Therefore in the Monte Carlo method the droplet deposition algorithm described in section 2.1 was used. In the 
population balance model, which was used as a reference in this case as well, these scenarios were realized by 
setting λ0=1 (scenario 1), λ1=1 (scenario 2), λ2=1 (scenario 3) and λ3=1 (scenario 4). For these simulations the 
parameters from Table 1 were used. The results are shown in Fig. 4, in which the temporal evolution of the standard 
deviation (normalized to the initial value) of the particle size distribution calculated with both methods is depicted. 
In case of size independent growth (scenario 3) the standard deviation is constant over time as expected. In scenario 
1 and 2 the standard deviation decreases (smaller particles grow faster than larger particles) and in scenario 4 the 
standard deviation increases, since larger particles growth faster than smaller ones. The Monte Carlo method is able 
to describe those scenarios in good agreement with the population balance model. 
     Table 1. Parameters used in the Monte Carlo model and in the population balance model. 
Parameter Value Unit 
diameter of the fluidized bed 150 mm 
initial bed mass 0.5 kg 
mean particle size 0.5 mm 
standard deviation of particle size 0.02 mm 
initial particle density 2400 kg/m³ 
mass flow rate of solution 0.3 kg/h 
droplet size (diameter) 40 μm 
contact angle 40 ° 
mass fraction of solid material in the solution 30 % 
porosity of the coating layer 60 % 
inlet temperature of the fluidization gas 50 °C 
inlet moisture content of the fluidization gas 1 g/kg 
mass flow rate of the fluidization gas 120 kg/h 
number of particles in the MC simulation 1000 - 
process time in the simulation 3600 s 
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Fig. 3. Depiction of the normalized number density distribution at the beginning and at the end of the simulation obtained from the Monte Carlo 
method and the population balance model (left). Temporal evolution of the first four moments (normalized to their initial values) of the particle 
size distribution obtained from both models (right). 
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Fig. 4. Temporal evolution of the standard deviation (normalized to the initial value) of the particle size distribution for four different droplet 
deposition scenarios obtained from the Monte Carlo method and the population balance model. 
3.2. Comparison with experimental data 
Further the presented Monte Carlo algorithm is checked with experimental data obtained from two coating 
experiments. They were performed in a lab-scale fluidized bed granulator, in which 1 kg of non-porous glass 
particles were coated with sodium benzoate solution with different mass flow rates of the solution. Further process 
parameters can be found in Table 2. The initial particle size distribution and the distribution at the end of the process 
were measured using a particle size analyzer (Retsch Technology GmbH, type: CAMSIZER). Additionally the 
porosity of the coating layer was determined via X-ray micro-tomography (ProCon X-ray GmbH, type: CT-
ALPHA). This value was used for the porosity of the dry droplet in equation (11), since the drying model presented 
here is not yet able to predict this value. 
In Fig. 5 the comparison of the experimental and the Monte Carlo simulation results is shown. In both 
simulations size independent growth was assumed. The size distributions predicted by the Monte Carlo method are 
in good agreement with the measured ones. 
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     Table 2. Process parameters of the particle coating experiment used in the Monte Carlo simulation. 
Parameter 
Value 
Exp. 1 
Value 
Exp. 2 
Unit 
diameter of the fluidized bed 150 150 mm 
initial bed mass 1 1 kg 
particle size 0.4-0.8 0.4-0.8 mm 
initial particle density 2400 2400 kg/m³ 
mass flow rate of solution 1.16 0.47 kg/h 
droplet size (diameter) 40 40 μm 
contact angle  40 40 ° 
mass fraction of solid material in the solution 30 30 % 
porosity of the coating layer 50 46 % 
inlet temperature of the fluidization gas 95 95 °C 
inlet moisture content of the fluidization gas 1 1 g/kg 
mass flow rate of the fluidization gas 120 120 kg/h 
number of particles in the MC simulation 1000 1000 - 
process time in the simulation 2820 7020 s 
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Fig. 5. Comparison of the measured particle size distribution at the beginning and in the end of the coating experiment between the particle size 
distribution calculated with the Monte Carlo method for experiment 1 (left) and experiment 2 (right). 
4. Conclusions 
In this work a Monte Carlo algorithm for particle coating in fluidized beds was presented. The resulting model 
was compared with a simple population balance model to check its validity. Therefore a simulation with both 
models was performed with parameters corresponding to realistic operating conditions in a lab-scale fluidized bed. 
Further the droplet deposition algorithm was tested in particular. Four different droplet deposition scenarios were 
used in the simulation and compared with the corresponding solution of the population balance model. In both cases 
the results of the Monte Carlo method matched with those obtained from the population balance model.  
Additionally the Monte Carlo algorithm was tested with experimental data. Therefore the particle size 
distribution at the beginning and at the end of a batch particle coating experiment in a lab-scale fluidized bed were 
measured. The simulation results were compared with the measured data and it was shown that the presented model 
was able to predict the particle size distribution with good accuracy.  
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Future work will include an improvement of the deposited droplet drying model to enable predicting the porosity 
of the coating layer depending on the drying conditions in the fluidized bed. In this way the porosity of the coating 
layer as an important property apart from the particle size can be correlated with the operating conditions of the 
process. The presented algorithm will also be extended in a way that imbibition of liquid into porous particles can be 
included. Another effect, which can be included in the model is rewetting of solidified droplets by deposition of a 
wet droplet leading to changes in the porosity of the coating layer. 
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Nomenclature 
 A surface  
 d  diameter 
 f frequency 
 G growth rate 
 M mass 
M   mass flow rate 
 n number density 
 N number 
N   number flow rate 
 q0 normalized number flow rate 
 r uniformly distributed random number 
 S scaling factor 
 t time 
 V volume 
 Y moisture content of the fluidizing gas 
 
 β mass transfer coefficient 
 Δt time step 
 ε porosity 
 θ contact angle 
 λ parameter 
 μ moment of the number density distribution 
 ρ mass density 
 σ standard deviation 
 
Subscripts 
contact contact 
drop droplet 
dry dry 
end end of the process 
evap evaporation 
g gas 
gen generated 
initial initial 
inlet inlet 
l liquid 
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MC Monte Carlo 
p particle 
pos positions 
real real 
s solid 
sat saturation 
select selected 
total total 
w water 
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